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Abstract15

The longitudinal turbulent heat flux is central to the description of vertical momentum16

and energy transport in stratified atmospheric boundary layers, yet its scaling behav-17

ior with respect to thermal stratification remains uncertain in comparison to better-studied18

quantities such as the vertical heat flux. Here, the scaling laws of the longitudinal heat19

flux and its co-spectrum in the atmosphere close to the surface as a function of wall nor-20

mal distance and thermal stratification are experimentally evaluated. Measurements were21

conducted under varying stability regimes ranging from unstable to slightly stable at two22

sites. The first experiment included 5 high-temporal resolution (100 Hz) velocity and tem-23

perature sensors as well as a triaxial sonic anemometer all positioned within 2 m above24

a bare soil surface. The second experiment included a single triaxial sonic anemometer25

positioned at 5 m above the surface of a grass-covered forest clearing. The analysis first26

examines the Reynolds-averaged Navier–Stokes equations for the longitudinal heat flux27

and applies similarity theory to identify the dominant terms. This analysis is then used28

to inform a co-spectral budget, which is used to deduce the appropriate scaling laws at29

large and inertial subrange scales. The proposed theory aims to reconcile discrepancies30

reported across field, laboratory, and numerical studies, and highlights the importance31

of non-conserved scale-wise flux transfer mechanisms unique to longitudinal heat flux in32

turbulent flows even when the longitudinal heat flux transport term is small.33

Plain Language Summary34

Swirling motion or eddies in the atmosphere near the ground constantly move heat35

and momentum horizontally and vertically. These exchanges, which are carried out by36

eddies that vary appreciably in size and energy content, shape a plethora of processes37

such as local weather patterns, formation of micro-bursts at airports, or how pollutants38

and energy spread in the environment. Studies on how eddies move heat vertically to39

and from the ground is now a mature field when compared to its horizontal (or longi-40

tudinal) counterpart. The work here explores theoretically and experimentally through41

two field experiments how horizontal heat movement by eddies behaves differently un-42

der different temperature gradients near the ground. Using new high resolution temper-43

ature and velocity data, scaling laws that describe the behavior of horizontal heat trans-44

port across different eddy sizes and heights from the ground are derived and tested. The45

work shows that even when the horizontal heat transport seems small on average, it plays46

a key role in how eddies distribute energy in the lower atmosphere.47

1 Introduction48

The longitudinal heat flux u′θ′v plays a central role in momentum transfer and mo-49

mentum turbulent fluxes w′u′ for stratified atmospheric flows, where u′, w′, and θ′v are50

the turbulent longitudinal velocity, turbulent vertical velocity, and turbulent virtual tem-51

perature, respectively, and overline is time averaging. The u′θ′v represents the buoyancy52

term that acts as a source or a sink in the turbulent momentum flux conservation equa-53

tion (Garratt, 1992; Mortarini et al., 2025). In non-ideal terrain, u′θ′v is also needed for54

modeling all vertical exchanges of heat and momentum in higher-order closure schemes55

such as those used in climate and weather forecasting (Zeman & Lumley, 1976; J. L. Lum-56

ley, 1979; Mellor & Yamada, 1982; Large et al., 1994; Guo et al., 2015). Perhaps the lack57

of interest in u′θ′v or its co-spectrum can be traced back to the disproportionate focus58

on daytime convective boundary layer processes, where the longitudinal heat flux can-59

cels out in the turbulent stress budget (Zilitinkevich et al., 1999; Canuto et al., 1994).60

Textbooks describing the much studied atmospheric surface layer (ASL) suggest that u′θ′v =61

0 for near-neutral and unstable atmospheric stability conditions (Kaimal & Finnigan,62
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1994). Yet, the relation between u′θ′v and the vertical heat flux w′θ′v,63

Rh = − u′θ′v
w′θ′v

, (1)

has been reported for more than 35 years now (Kader et al., 1989; Kader & Yaglom, 1990).64

It was empirically found that for the near-neutral atmospheric surface layer, the ratio65

Rh varies between 3 and 4. With increasing instability, the ratio Rh drops to about 0.566

as near-convective conditions are approached. For stable atmospheric stratification, much67

less is known about the relation between the two heat fluxes except for a few studies (Caughey,68

1977). That the signs of u′θ′v and w′θ′v are opposite should not be a surprise given the69

negative correlation between w′ and u′ in wall-bounded flow.70

Models for u′θ′v benefit from understanding the processes and the scales of motion71

that contribute to the correlation between u′ and θ′v. In this regard, the state of knowl-72

edge for the longitudinal heat flux remains lagging other terms such as the vertical heat73

flux w′θ′v or the vertical momentum flux w′u′ (Panofsky & Mares, 1968). Even in the74

much studied inertial subrange (ISR) where Kolmogorov scaling is anticipated (Pope,75

2000), the scaling laws describing the longitudinal heat flux co-spectrum Fuθ(kx) as a76

function of longitudinal wavenumber kx are not agreed upon. When Fuθ(kx) is expressed77

as k−m
x in the ISR (usually identified through velocity spectra), the values of m vary ap-78

preciably. The weighty Kansas experiment reports values anywhere from m = 3 (J. Wyn-79

gaard & Coté, 1972) to m = 5/2 (Kaimal et al., 1972) even when the co-spectra for mo-80

mentum and vertical heat fluxes follow the anticipated k
−7/3
x . However, the experiments81

in Minnesota (USA) and Tsimlyansk (Russia) suggest a more conventional m = 7/382

(Caughey et al., 1979; Kader & Yaglom, 1991) that agrees with the vertical momentum83

flux co-spectrum Fwu(kx) (J. Lumley, 1967; G. Katul et al., 2013). Field studies explor-84

ing the Fwu(kx) scaling where temperature can be assumed as a passive scalar report85

an m = 5/3 for some 3 decades of kx before transitioning in a narrow range of scales86

to m = 7/3 followed by an exponential cutoff (Antonia & Zhu, 1994). In contrast, stud-87

ies in the roughness sublayer of an alpine forest (Cava & Katul, 2012) in Lavarone (Italy)88

spanning both unstable and mildly stable conditions report m = 7/3 for at least two89

decades of wavenumbers in the ISR. Direct numerical simulations (W. Bos et al., 2004)90

suggest an m = 2 attributing deviations from m = 7/3 due to a finite heat flux trans-91

fer across scales. Unlike the turbulent kinetic energy dissipation rate ε, the flux trans-92

fer associated with the longitudinal heat flux across kx is not a ‘conserved’ quantity and93

can exhibit its own exponents. Direct numerical simulations (DNS) used to calibrate the94

Eddy-Damped Quasi Normal Model (EDQNM) reveal an m = 23/9 (W. J. Bos & Bertoglio,95

2007), which is close to the early field studies reporting m = 5/2 (Caughey, 1977).96

Here, the scaling laws of u′θ′v and its co-spectrum in the atmosphere very close to97

a flat surface as a function of wall normal distance and thermal stratification are exper-98

imentally evaluated using both single-level sonic anemometer measurements and very99

high temporal resolution (=100 Hz) u′ and θ′v profile measurements in the atmospheric100

surface layer (ASL). These measurements were conducted at the Surface Layer Turbu-101

lence and Environmental Science Test (SLTEST) facility in western Utah, USA, where102

the surface is a desert-like dry lake bed covered with salt. Another single-level exper-103

iment utilizing conventional sonic anemometry conducted above a grass-covered forest104

clearing near Durham, North Carolina is also used to assess the robustness of the find-105

ings between different sites and surface conditions. The analysis first examines the lon-106

gitudinal heat flux conservation equation and applies similarity theory and other real-107

izability constraints to identify the dominant terms. This analysis is then used to inform108

a co-spectral budget, which explores the scaling laws at low and high wavenumbers. A109

discussion regarding discrepancies reported across field, laboratory, and numerical stud-110

ies is presented with the aim of illustrating the significance of non-conserved flux trans-111

fer mechanisms unique to longitudinal heat flux.112
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2 Theory113

The theory section begins with an overview and the standard conservation equa-114

tions for the longitudinal heat flux. Those equations are derived from a Reynolds-Averaged115

Navier-Stokes (RANS) perspective and then combined with scaling arguments to offer116

first-order estimates on how thermal stratification impacts production, transport, and117

dissipation of u′θ′v. These scaling arguments cover conventional Monin-Obukhov sim-118

ilarity theory, directional-dimensional analysis, and other possibilities for weakly stable119

stratification. Existing and new theories for the co-spectrum are then presented using120

dimensional considerations (W. Bos et al., 2004; W. J. Bos & Bertoglio, 2007; Cava &121

Katul, 2012), a constant correlation hypothesis that was tested using field studies (Antonia122

& Zhu, 1994), and a co-spectral budget that links the co-spectrum of the longitudinal123

heat flux to the better studied co-spectra of momentum and vertical heat fluxes (G. G. Katul124

et al., 2013; Mortarini et al., 2025).125

2.1 Definitions and General Considerations126

The coordinate system employed here defines x (or x1), y (or x2), and z (or x3)127

as the longitudinal (along mean wind direction), lateral, and vertical directions, respec-128

tively, with z = 0 set at the ground surface. The instantaneous velocity components129

along these directions are u (or u1), v (or u2), and w (or u3). An overline indicates av-130

eraging over coordinates of statistical homogeneity (commonly time averaging in field131

experiments), and primes denote turbulent fluctuations about the mean (e.g., u = U+132

u′). For a stationary and planar homogeneous flow at high Reynolds number in the ab-133

sence of subsidence, the turbulent longitudinal heat flux conservation equation is (Garratt,134

1992; Kaimal & Finnigan, 1994; J. C. Wyngaard, 2010):135

∂u′θ′v
∂t

= 0 = −w′u′ Γθ(z)− w′θ′v Γ(z)︸ ︷︷ ︸
Production

− 1

ρ
θ′v

∂p′

∂x︸ ︷︷ ︸
Pressure−Decorrelation

−

 ∂w′u′θ′v
∂z︸ ︷︷ ︸

Flux−Transport

−Dmu′ ∂2θ′v
∂xj∂xj

− νθ′v
∂2u′

∂xj∂xj︸ ︷︷ ︸
Molecular−Dissipation

 , (2)

where t is time, u′ and w′ are the longitudinal (along x) and vertical (along z) velocity136

fluctuations around their mean states U and W = 0 (no subsidence), θ′v is the virtual137

temperature fluctuation around its mean state θv, u′θ′v is the horizontal heat flux that138

can be positive or negative, Γ = ∂U/∂z is the mean longitudinal velocity gradient, Γθ =139

∂θv/∂z is the mean virtual temperature gradient, ρ is the air density, p′ is the pressure140

fluctuations referenced to a hydrostatic state, w′u′θ′v is the vertical transport of u′θ′v by141

turbulence, Dm is the molecular diffusion coefficient for heat in air, and ν is the kine-142

matic viscosity of air. Hereafter, the sum of the two production terms in Equation 2 is143

labeled as Pm and reflects the interaction between the mean flow and turbulence gen-144

erating a correlation between u′ and θ′v. For notational simplicity, it is given by145

Pm = −
[
w′u′ Γθ(z) + w′θ′v Γ(z)

]
. (3)

Due to the presence of a solid boundary, w′u′ < 0, Γ > 0, and instability is often de-146

fined by the sign of w′θ′v (unstable if positive and stable if negative) or Γθ (unstable if147

negative and stable if positive). Thus, when w′θ′v ∝ −Γθ, the two terms in Pm act in148

tandem to support the generation of a correlation between u′ and θ′v.149

Standard closure schemes for the pressure-decorrelation are based on a linear Rotta150

scheme for the so-called ‘slow term’ modified to include an isotropization of the produc-151

tion of u′θ′v (or Pm) for the ‘fast term’ (Launder et al., 1975; Pope, 2000). The appli-152
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cation of this closure begins by expressing153

θ′v
∂p′

∂x
=

∂θ′vp
′

∂x
− p′

∂θ′v
∂x

.

Ignoring the ∂(.)/∂x term (i.e. the pressure transport term) due to planar homogene-154

ity, and closing the pressure-scalar interaction term using155

1

ρ
θ′v

∂p′

∂x
= −p′

∂θ′v
∂x

= CR
u′θ′v
τd

− CIPm, (4)

yields the sought outcome, where CI = 3/5 is a constant associated with the fast isotropiza-156

tion of the production terms Pm and whose numerical value has been derived from Rapid157

Distortion Theory (Launder et al., 1975; Pope, 2000; G. G. Katul et al., 2013), CR =158

1.8 is the Rotta constant associated with the slow pressure-rate-of-strain part (Pope, 2000),159

and τd is a de-correlation time scale that may be related to a relaxation time (to be dis-160

cussed later). This so-called LRR-IP model (after Launder, Reece, and Rodi including161

the isotropization of the production) has been chosen because it reproduces the mean162

velocity and stresses in many shear flows (Pope, 2000; Choi & Lumley, 2001; Durbin, 1993;163

Launder et al., 1975; Hanjalić & Launder, 2021). The isotropization of the production164

is assumed to directly apply on Pm in the longitudinal heat flux budget through the ac-165

tion of the fast component of the pressure de-correlation. Inserting this closure into the166

longitudinal heat flux budget to solve for u′θ′v yields,167

u′θ′v =
τd
CR

[
Pm (1− CI) −

(
∂w′u′θ′v

∂z
−Dmu′ ∂2θ′v

∂xj∂xj
− νθ′v

∂2u′

∂xj∂xj

)]
, (5)

In the standard Rotta closure where CR = 1.8, τd must be interpreted as a relaxation168

(instead of a de-correlation) time and is given by169

τd =
1

2

(
u′
ju

′
j

)
ε

(6)

where u′
ju

′
j/2 is the turbulent kinetic energy (TKE) and ε is the TKE dissipation rate.170

Thus, for near-neutral atmospheric stability conditions,171

τd(z) = ϕTKE(0)

(
u2
∗

)
[u3

∗/(κz)]
= ϕTKE(0)

κz

u∗
, (7)

where κ = 0.4 is the von Karman constant, ϕTKE(0) is a coefficient that links the tur-172

bulent kinetic energy (TKE) to u2
∗ for a near-neutral ASL, and u∗ =

√
−u′w′ is the173

friction velocity. This scaling for τd assumes that (i) the TKE budget is reduced to a bal-174

ance between shear production and viscous dissipation, such that ε ≈ −u′w′ ∂U/∂z,175

and that under near-neutral conditions ∂U/∂z ≈ u∗/(κz), which together yield ε ≈176

u3
∗/(κz) (Charuchittipan & Wilson, 2009), and (ii) the TKE follows MOST for near-neutral177

conditions, which it does not - given that u′u′/u2
∗ is well predicted by the attached eddy178

hypothesis for near-neutral conditions and this prediction involves the boundary layer179

depth (Huang & Katul, 2022). Nonetheless, this estimate of τd may be interpreted as180

the time it takes for turbulence to adjust to any changes in mean flow gradients (espe-181

cially those associated with Pm).182

Two limiting cases of the general budget are considered in what follows to illus-183

trate the connection (or lack thereof) between u′θ′v and mean flow properties. The first184

is a balance between production and pressure-decorrelation, which leads to a gradient-185

diffusion approximation for u′θ′v. The second is a balance between flux transport and186

pressure-decorrelation, which — as shown below — admits a family of height-dependent187

solutions.188
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In the first limiting case, the flux transport term is ignored and the high Reynolds189

number limit applies, such that molecular processes are less efficient at de-correlating190

u′ from θ′v than pressure de-correlation. The dominant balance is then between produc-191

tion Pm and pressure-decorrelation (the only remaining covariance destruction term),192

yielding a flux-gradient relation for the longitudinal heat flux:193

u′θ′v = −1− CI

CR
τd
[
w′u′ Γθ(z) + w′θ′v Γ(z)

]
. (8)

For a strictly neutral limit where Γθ → 0 and w′θ′v → 0, Equation 8 predicts a u′θ′v =194

0 because Pm → 0. Likewise, in the free convective limit where u2
∗ → 0 and Γ → 0,195

Equation 8 also predicts u′θ′v → 0. For this reason, some textbooks list u′θ′v = 0 for196

near-neutral to unstable atmospheric conditions (Kaimal & Finnigan, 1994) when the197

flow is stationary, planar homogeneous, and high Reynolds number. These findings (i.e.198

Pm → 0) are not fully supported by near-neutral and near-convective ASL studies (Bradley199

et al., 1982; Wilczak & Businger, 1984). Those contradictions may be pointing to the200

fact that the flux-transport term can be significant. For near-neutral conditions in the201

ASL, a finite w′θ′v is common even when buoyancy contributions to the TKE budget are202

small. It is this finite w′θ′v that may be of disproportionate significance to the budget203

of u′θ′v that is to be explored here as well.204

In the second limiting case, the flux transport term is the only term that connects205

the outer layer to the near-surface heat flux in the absence of any local production of u′θ′v.206

To estimate the possible role of the flux transport term, at least in a first-order analy-207

sis, a gradient-diffusion closure is used for its vertical transport and yields208

w′u′θ′v = −Kt(z)
∂u′θ′v
∂z

. (9)

That is, restricting the balance between flux transport and modeled pressure-de-correlation209

yields an approximated longitudinal heat flux budget given by210

Kt
∂2u′θ′v
∂z∂z

+
∂Kt

∂z

∂u′θ′v
∂z

− CR

τd
u′θ′v = 0. (10)

In the near-neutral limit, it may be argued that Kt = κzu∗, τd = ϕTKE(0)κz/u∗, and211

the budget in Equation 10 becomes212

z2
∂2u′θ′v
∂z∂z

+ z
∂u′θ′v
∂z

− an u′θ′v = 0; an =
CR

κ2ϕTKE(0)
. (11)

This homogeneous second-order ordinary differential equation is of the Cauchy-Euler form213

whose general solution is given as214

u′θ′v = B1z
an +B2z

−an . (12)

The boundary conditions z → 0 and z → ∞ set B2 = 0 and B1 = 0, respectively,215

yielding the individual contributions to the general solution. For the free convective limit,216

Kt and τd are independent of z (as they vary with the convective boundary layer height)217

and the budget in Equation 10 reduces to218

∂2u′θ′v
∂z∂z

= acu′θ′v; ac =
CR

Ktτd
. (13)

The solution is219

u′θ′v = C1 exp(
√
acz) + C2 exp (−

√
acz). (14)

In the limiting cases where z → ∞, C1 = 0 suggesting that the longitudinal heat flux220

decays exponentially with increasing z.221
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These budget considerations suggest that when variations in u′θ′v with z occur, the222

flux transport term is likely to be significant and its magnitude is commensurate with223

the pressure-decorrelation contribution. Conversely, when the z-dependency of u′θ′v is224

weak or insignificant, it may be argued that the flux-transport term is small and can be225

ignored.226

2.2 Dimensional Analysis Applied to the Horizontal Heat Flux227

2.2.1 A Monin-Obukhov Similarity Theory (MOST) Scaling228

It may be instructive to ask what are the scaling laws for u′θ′v with atmospheric229

stability in the diabatic atmospheric surface layer (ASL) assuming Monin and Obukhov230

(Monin & Obukhov, 1954) Similarity theory (MOST) holds for momentum and verti-231

cal heat transport. To connect MOST to Equation 8, the following definitions are intro-232

duced:233

Γ
κz

u∗
= ϕm(ζ), Γθ

κz

T∗
= ϕh(ζ), P rt =

ϕh(ζ)

ϕm(ζ)
, (15)

where T∗ = −w′θ′v/u∗ is a temperature scale, ζ = z/Lo is the atmospheric stability234

parameter, Lo is the Obukhov length given by235

Lo = − u3
∗

κβw′θ′v
,

β = g/θv is the buoyancy parameter, g is the gravitational acceleration, ϕm(ζ) and ϕh(ζ)236

are the stability correction functions for momentum and heat, respectively, and Prt is237

the turbulent Prandtl number with values between 0.7 to 1.0 in the near-neutral limit238

(Kays, 1994; Li, 2019). Inserting these MOST results into Equation 8 yields239

u′θ′v =

(
1− CI

CR

)
[τd ϕm(ζ)]

u2
∗T∗

κz
[1 + Prt(ζ)] ; τd =

κz

u∗

[
ϕTKE(ζ)

ϕε(ζ)

]
, (16)

where ϕε(ζ) is the stability correction function for ε presented elsewhere (Hsieh & Katul,240

1997). Because a number of studies report the relative importance of horizontal to ver-241

tical heat flux, or the ratio Rh (Kader & Yaglom, 1990), Equation 16 is re-casted as242

Rh = − u′θ′v
w′θ′v

=

(
1− CI

CR

)
[τd ϕm(ζ)]

u∗

κz
[1 + Prt(ζ)] . (17)

Inserting Equation 6 into Equation 17 yields an estimate for the ratio Rh based on di-243

mensionless stability correction functions given by244

Rh = − u′θ′v
w′θ′v

=

(
1− CI

CR

)[
ϕTKE(ζ) ϕm(ζ)

ϕε(ζ)

] [
1 +

ϕh(ζ)

ϕm(ζ)

]
. (18)

For small |ζ| (i.e. near-neutral), setting Prt(0) = 1, and noting that CR = 1.8, CI =245

3/5, ϕm(0) = 1, ϕε(0) = 1, ϕTKE(0) = 6.7 yields246

Rh = − u′θ′v
w′θ′v

= 3.

This estimate, which did not involve any ‘tunable’ parameters, is close to the family of247

ASL experiments (Kader & Yaglom, 1990) reporting values between 3.5 and 4.0 for near-248

neutral conditions (especially their Figures 3 and 4). This agreement lends some con-249

fidence in the closure scheme employed when sensible heat flux is small but finite (i.e.250

does not contribute appreciably to the TKE budget) yet the flow remains near-neutral251

due to a high u∗.252

–7–



manuscript submitted to JGR: Atmospheres

2.2.2 Realizability Constraint on the Longitudinal Heat Flux253

That the ratio Rh is larger than unity in magnitude may have been foreshadowed254

when noting that255

Rh = − u′θ′v
w′θ′v

= −Ruθ

Rwθ

σu

σw
,

where Rab = a′b′/(σaσb) is the correlation coefficient between two variables (a and b).256

Since attached eddies or eddies associated with a k−1
x scaling exponent in the spectra257

of u′ and θ′v for near-neutral conditions (Kader & Yaglom, 1991; G. G. Katul et al., 1995;258

Huang & Katul, 2022; Huang et al., 2023) contribute to Ruθ but less so to Rwθ (the spec-259

trum of w′ is flat for kxz < 1), it is anticipated that |Ruθ/Rwθ| > 1. Moreover, σu/σw >260

2 due to the presence of the wall. These considerations alone lead to |Rh| > 2.261

A further refinement may be achieved from a statistical point of view by consid-262

ering the correlation coefficients between three arbitrary normalized variables selected263

here to be u′/σu, w
′/σw, and θ′v/σθ. These three normalized variables can be used to264

form a symmetric and thus positive-definite matrix Ac. Because it is positive definite,265

its determinant must be positive and is given by (Bink & Meesters, 1997; G. Katul &266

Hsieh, 1997; Priestley, 1988)267

det(Ac) = det

 1 Ruθ Rwθ

Ruθ 1 Ruw

Rwθ Ruw 1

 = 1 + 2RuwRuθRwθ − (R2
uθ +R2

wθ +R2
uw) ≥ 0.

This condition, which holds for any symmetric matrix with real-valued finite elements,268

can now be employed to set an upper bound on Ruθ using the more studied Rwθ and Ruw.269

That is,270

Ruθ ∈ RuwRwθ ±
√

1 +R2
uwR

2
wθ − (R2

uw +R2
wθ), (19)

or271

|Ruθ| ≤ |RuwRwθ|+
√
1 +R2

uwR
2
wθ − (R2

uw +R2
wθ). (20)

For near-neutral to slightly unstable conditions, Rwθ = 0.5 and Ruw = −0.35 (Kaimal272

& Finnigan, 1994), thereby bounding Ruθ ∈ [−0.99,+0.64]. Using the lower bound, the273

corresponding ratio is Rh = −(−0.99/0.5)× (2.7/1.25) = 4.4, which represents an up-274

per limit consistent with the realizability constraint. This value exceeds the prediction275

of Rh = 3 using the closure scheme from Equation 18 under near-neutral limits, and276

remains close to the experimental value Ruθ = 4 reported from long-term field stud-277

ies for near-neutral conditions (Kader & Yaglom, 1990). These findings offer a plausi-278

bility check that the model for Rh in Equation 18, with CR = 1.8, CI = 3/5, and ϕTKE(0) =279

6.7, is compatible with estimates using other independent flow quantities in the ASL (Rwθ =280

0.5, Ruw = −0.35).281

2.2.3 A Directional Dimensional Analysis (DDA) for Unstably Strat-282

ified Flows283

The DDA, pioneered for the ASL in the early 1970s (Betchov & Yaglom, 1971; Zil-284

itinkevich, 1973), was formalized and expanded for unstable conditions in the early 1990s285

(Kader & Yaglom, 1990). The DDA begins by noting that the generation of TKE oc-286

curs from two sources when the atmosphere is unstable: mechanical production (Puu =287

−w′u′Γ) from u′u′ injected in the horizontal and buoyancy production (Pww = βw′θ′v)288

from w′w′ injected in the vertical. DDA also assumes that these two TKE generation289

mechanisms are, to a leading order, decoupled. It then associates separate horizontal and290

vertical length scales (Lx and Lz) to each (directional) generation mechanism. Length291

scales associated with generating u′ (through Puu) are characterized by Lx whereas pro-292

cesses generating w′ (through Pww) are associated with Lz. A drawback to this approach293

is that it ignores interactions between these two components that may occur due to pres-294

sure redistribution and return to isotropy (Bou-Zeid et al., 2018). Nonetheless, when the295
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Figure 1. Comparison of DDA and MOST predictions of (a) the stability correction functions

ϕm and ϕh, (b) ϕε, and (c) the ratio Rh = −u′θ′v/w′θ′v computed from Equation 18 using func-

tions in panels (a,b). Panel (b) also shows ϕTKE, computed assuming σw/u∗ varies with ζ, while

σu/u∗ = 2.7 and σv/u∗ = 2.3 are held constant in the dynamic and dynamic–convective regimes.

generation mechanisms of u′ and w′ occur at scales much larger than the scales at which296

return to isotropy becomes effective, the assumptions behind DDA may still hold. Some297

indirect support for this conjecture was recently reported using ASL experiments in the298

context of scale-wise return to isotropy of the stress tensor from production to inertial299

for a large number of atmospheric conditions (Brugger et al., 2018; Stiperski et al., 2021).300

The DDA further assumes that a single characteristic time tc (no directional association)301

exists. Accepting the ‘decoupling’ between Lx and Lz implies that u2
∗ = −u′w′ is as-302

sociated with LxLzt
−2
c . Thus, u∗ does not ‘qualify’ as a horizontal velocity scale when303

ground heating or cooling occurs. DDA further argues that a local characteristic verti-304

cal velocity having dimensions Lz/tc, but encoding buoyancy sources, can also be de-305

fined using w∗ =
(
βw′T ′z

)1/3
for the ASL. With these arguments, DDA proposes a new306

horizontal velocity that must be formed from Lx/tc and a logical choice would be a u∗∗ =307

u2
∗/w∗ provided w∗ ̸= 0. Likewise, the ASL temperature scale T∗ must be replaced by308

T∗∗ = w′T ′/w∗. The ensuing analysis proposes that the ASL be decomposed into 3 sub-309

layers: dynamic (or near-neutral with w∗ = 0 and already discussed), dynamic-convective,310

and free convective (Kader & Yaglom, 1990) with w∗ ̸= 0. Hence, for the dynamic con-311

vective case, DDA argues that312

u′θ′v
u∗∗T∗∗

=
w2

∗
u2
∗

u′θ′v
w′θ′v

= constant.

Thus, DDA predicts that313

Rh = − u′θ′v
w′θ′v

= constant × u2
∗

w2
∗
= constant × u2

∗(
βw′T ′z

)2/3 = constant × κ2/3ζ−2/3.

This DDA prediction was already confirmed using multiple data sources (Kader & Ya-314

glom, 1990). Figure 1 illustrates the comparison between MOST and DDA predictions315

for ϕm(ζ) and ϕh(ζ) in panel (a), ϕε(ζ) in panel (b), and the resulting Rh(ζ) in panel316

(c). The two frameworks agree well in near-neutral conditions but diverge substantially317

in the unstable regime.318
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2.2.4 A Dougherty-Ozmidov Scaling for Stably Stratified Flows319

For near neutral to slightly stable conditions, it may be argued that MOST applies320

and the usual corrections can be used in the longitudinal heat flux budgets. However,321

as the effects of stable stratification increase (e.g. |ζ| > 0.2), Lo is no longer the most322

appropriate length scale characterizing the effects of stratification on eddy sizes. Instead,323

the Dougherty-Ozmidov scale LDO may be the relevant length because it is the size of324

the largest eddy unaffected by buoyancy (Dougherty, 1961; Grachev et al., 2015; Li et325

al., 2016). Thus, when z/LDO ≪ 1, MOST scaling applies. However, when z/LDO >326

1, the Dougherty-Ozmidov scaling variables may be more relevant. The appropriate length,327

velocity, and temperature normalizing variables associated with the Dougherty-Ozmidov328

scaling are (Li et al., 2016; Grachev et al., 2015):329

LDO =

(
ε

N3
BV

)1/2

;UDO =

(
ε

NBV

)1/2

; θDO =

√
εNBV

β
;NBV =

√
βΓθ,

where NBV is the Brunt-Vaisala frequency. Thus, it may be anticipated that for stable330

stratification,331

u′θ′v
UDO θDO

= ϕuθ(ζ).

2.3 The Longitudinal Heat Flux Co-Spectrum332

Moving from RANS analysis to co-spectral analysis, the shape of the longitudinal333

heat flux co-spectrum Fuθ(kx) with kx is now considered. The co-spectrum satisfies the334

normalizing property335 ∫∞
0

Fuθ(kx)dkx

u′θ′v
= 1. (21)

2.3.1 Dimensional Analysis for the Inertial Subrange: A Review336

For the ISR, the possible list of variables to be included are as follows (Tennekes337

& Lumley, 1972):338

- Eddy sizes or wavenumbers: kx,339

- Standard ISR variables in ‘conservative’ cascades that include ε and temperature340

variance dissipation rate εθ. They are relevant when the transfer of TKE and θ′2v341

across scales or kx are dissipated by molecular processes (i.e. kinematic viscosity342

and thermal diffusivity),343

- External mean flow effects that act on all kx in the generation mechanism: Γ =344

∂U/∂z and Γθ = ∂θv/∂z.345

With this list and upon defining length [L], time [T], and temperature [K] as ba-346

sic dimensions, it is straightforward to show that (Cava & Katul, 2012; Mortarini et al.,347

2025)348

Fuθ(kx) = kaxε
bεcθΓ

dΓe
θ;

[L]2[K]

[T ]
=

(
1

[L]

)a(
[L]2

[T ]3

)b(
[K]2

[T ]

)c(
1

[T ]

)d(
[K]

[L]

)e

, (22)

leading to the following dimensional constraints:349

[K] : 1 = 2c+ e (23)

[T ] : 1 = 3b+ c+ d (24)

[L] : 2 = −a+ 2b− c. (25)

That is, five variables and 3 dimensions are available and the problem is indeterminate.350

However, limiting cases can still be derived and are summarized below:351
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- When Fuθ(kx) is assumed to vary with kx, ε and εθ (i.e. no mean gradients or pro-352

duction variables), dimensional analysis requires that Fuθ(kx) ∼ ε
1/2
θ ε1/6k

−5/3
x .353

This scaling is compatible with the constant correlation coefficient later described.354

- When Fuθ(kx) is assumed to vary with kx and mean gradient quantities only (i.e.355

Γ and Γθ – and thus dominated by production terms), then Fuθ(kx) ∼ (Γ)(Γθ)k
−3
x .356

- When Fuθ(kx) is assumed to vary with kx, εθ and Γ (i.e. mixed quantities), then357

Fuθ(kx) ∼ (Γεθ)
1/2k−2

x .358

- When Fuθ(kx) is assumed to vary with k
−5/2
x (reported in several studies), εθ, Γ,359

and Γθ, then Fuθ(kx) ∼ (Γεθ)
1/2Γ−1

θ k
−5/2
x .360

- When Fuθ(kx) is assumed to vary with kx, ε and Γθ (another mixed quantity), then361

Fuθ(kx) ∼ Γθε
1/3k

−7/3
x .362

These results cover the entire range of scaling exponents already reported in the liter-363

ature for the ISR. When combined with the analysis of the RANS budget, the follow-364

ing conjectures can be made: In the asymptotic near-convective and near-neutral lim-365

its, the terms associated with Pm are not significant and k
−5/3
x is expected to hold for366

the ISR. For the dynamic convective limit, where Γ and Γθ are large, mixed scaling is367

likely to dominate (i.e. k
−6/3
x to k

−7/3
x ). For mildly stable conditions, a k

−5/2
x was also368

confirmed (Caughey, 1977).369

One more prediction in the ISR was offered from the Eddy-Damped Quasi Nor-370

mal Model (EDQNM). In this analysis, εθ was excluded and it directly follows from the371

reduced dimensional considerations here (i.e. c = 0) that the co-spectrum is given by372

(W. J. Bos & Bertoglio, 2007)373

Fuθ(kx) ∼ ΓθΓ
dε(1−d)/3k−(7+2d)/3

x , (26)

where d = 1/3 was determined using DNS. With such a d, Equation 26 becomes374

Fuθ(kx) ∼ ΓθΓ
1/3ε2/9k−23/9

x . (27)

The exponent 23/9 = 2.55 is close to what was reported for some field experiments (Kaimal375

et al., 1972) where an exponent = 5/2 was empirically determined.376

2.3.2 Dimensional Analysis for Large Eddies377

In a near-neutral limit for scales much larger than z but much smaller than δ, it378

is anticipated that both z and δ are no longer relevant length scales. Thus, a plausible379

choice for the normalizing variables of the co-spectrum are u∗ and T∗ so that380

Fuθ(kx) = C1u∗T∗k
−1
x = C1

(
w′θ′v

)
k−1
x . (28)

The k−1
x scaling has received experimental support (Kader & Yaglom, 1991) for the dy-381

namic sublayer and the free convective limit with C1 = −0.6 for the dynamic sublayer382

and C1 = −0.14 for the free convective limit, although the study did not formalize this383

as a general scaling law, noting the increased sensitivity of scalar–velocity cospectra to384

anisotropy and stratification. In mildly stable stratification, it was reported that Fuθ(kx)385

scales as k−1
x up to low frequencies commensurate to NBV =

√
βΓθ (Caughey, 1977).386

The scaling for large eddies and mildly stable conditions can be derived from nor-387

malizing by NBV =
√
βΓθ and β, such that388

Fuθ(kx) =
1

β
N3

BV k
−3
x (29)

Interestingly, for frequencies much smaller than NBV , an approximate k−3
x scaling may389

be a plausible description for the data in the aforementioned study (Caughey, 1977). This390

scaling is consistent with Γ and Γθ being the only dynamically relevant variables describ-391

ing very large scales (i.e. those commensurate with mean-flow variables).392
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2.3.3 The Constant Scalewise Correlation Hypothesis393

One field study reports a constant scale-wise correlation coefficient defined as (Antonia394

& Zhu, 1994)395

Fuθ(kx)

Fuu(kx)1/2Fθθ(kx)1/2
= constant. (30)

This constant correlation appeared to extend to scales larger than those associated with396

the ISR. For ISR scales, setting Fuu(kx) = Coε
2/3k

−5/3
x and Fθθ(kx) = CT εθε

−1/3k
−5/3
x ,397

the constant correlation coefficient argument would lead to398

Fuθ(kx) =
√
CTCoε

1/6ε
1/2
θ k−5/3

x , (31)

where Co = 0.55 is the Kolmogorov constant and CT = 0.8 is the Kolmogorov-Obukhov-399

Corrsin constant (Kaimal & Finnigan, 1994; Hsieh & Katul, 1997).400

This is the expected outcome when Γ and Γθ are not introduced as dynamically401

relevant, which is equivalent to assuming that the generation mechanism is weak and only402

energy transfer across scales is relevant. To what degree this constant-correlation hypoth-403

esis holds across stability regimes, heights from the grounds, and scales larger than the404

ISR have not been fully explored and motivate the analysis here.405

2.3.4 A Co-Spectral Budget (CSB): General Considerations406

A scale-by-scale budget for Fuθ(kx), hereafter referred to as the co-spectral bud-407

get (CSB), mirroring the terms in the stationary RANS model may be written as408

∂

∂t
Fuθ(kx) = 0 = Puθ(kx) + Tuθ(kx) + πuθ(kx)− (ν +Dm)k2xFuθ(kx), (32)

where Puθ(kx) is the scale-wise production (mirroring Pm), Tuθ(kx) is the scale-wise heat409

flux transfer (mirroring the flux transport), πuθ(kx) is the pressure de-correlation term,410

and the last term are the molecular terms decorrelating u′ from θ′v at scale kx. Those411

molecular terms are expected to be significant at scales commensurate to the Kolmogorov412

micro-scales. The Puθ(kx) is given by413

Puθ(kx) = Fwu(kx) Γθ(z) + Fwθ(kx) Γ(z), (33)

where Fuw(kx) and Fwθ(kx) are the momentum and sensible heat flux co-spectra, respec-414

tively. The influence of thermal heterogeneity on Fuθ(kx) primarily enters through this415

production term, which depends explicitly on Fuw(kx) and Fwθ(kx). In particular, Fwθ(kx)416

represents the vertical heat flux and therefore carries the spectral signatures associated417

with temperature variance and heterogeneity. The pressure de-correlation may be mod-418

eled using a spectral Rotta scheme, which represents the wavenumber-by-wavenumber419

analogue of the Rotta closure employed for the bulk heat-flux budget (i.e. Equation 4),420

given as (Besnard et al., 1996; G. G. Katul et al., 2014; Li, 2019)421

πuθ(kx) = − CR

τd(kx)
Fuθ(kx)− CIPuθ(kx), (34)

where τd(kx) is a scale-dependent relaxation time presumed to vary with ε and kx. For422

the inertial subrange, τd(kx) = ε−1/3k
−2/3
x but for eddy sizes much larger than their423

inertial subrange counterparts, τd(kx) = ε−1/3k
−2/3
a , where ka is an inverse of a macro-424

scale eddy size Lp (e.g. ∼ 1/Lp). Much like the flux transport term in RANS, the flux425

transfer term across scales also requires a spectral closure model. A typical closure scheme426

assumes that the longitudinal heat flux occurs ‘down-scale’ by diffusion and is given by427

Tuθ(kx) = − ∂

∂kx

[
Auθkx
τd(kx)

Fuθ(kx)

]
, (35)
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where Auθ is a similarity coefficient. This closure model assumes that the scale-wise flux428

transfer is only driven by local interactions and any non-local transfer must be either small429

or is accommodated by a non-universal Auθ. Using this spectral closure scheme, the over-430

all flux transport term in RANS, represented by the scale-wise integrated flux transfer431

term here, remains negligible because432 ∫ ∞

0

Tuθ(kx)dkx = −Auθ

[
kx

τd(kx)
Fuθ(kx)

]kx=∞

kx=0

= 0. (36)

Equation 36 is satisfied when Fuθ(kx) → 0 faster than [kx/τd(kx)] → ∞ as kx → ∞.433

This condition is ensured because ignoring the molecular destruction terms necessitates434

that k2xFuθ → 0 as kx → ∞. To summarize, Tuθ(kx) need not be zero at every kx even435

when the flux transport term is ignored in a RANS analysis.436

Under the assumption that pressure-transport terms are negligible — consistent437

with standard RANS closure modeling — a locally equilibrated CSB whereby the scale-438

by-scale balance is between production and pressure-redistribution yields439

Fuθ(kx) = −1− CI

CR
τd(kx) [Fwu(kx) Γθ(z) + Fwθ(kx) Γ(z)] . (37)

In this case, the molecular terms are ignored and Auθ=0.440

In what follows, the CSB is discussed separately for large-scales and inertial sub-441

range scales given the different representation for τd(kx) in these two regimes.442

2.3.5 The CSB in the Inertial Subrange443

When the transfer and molecular terms are ignored thereby reducing the CSB to444

a balance between Puθ(kx) and πuθ(kx), Equation 37 predicts that Fuθ(kx) scales as k
−7/3
x445

when both Fuw(kx) and Fwθ(kx) scale as k
−7/3
x in the inertial subrange. However, this446

prediction alone does not explain the range of cospectral exponents reported in the lit-447

erature. To investigate this discrepancy, we examine how retaining the transfer term mod-448

ifies the predicted scaling. Retaining the transfer term, ignoring the molecular terms,449

and setting τd = ε−1/3k
−2/3
x results in450

∂Fuθ(kx)

∂kx
+

[
5

3
+

CR

Auθ

]
Fuθ(kx)

kx
=

(
1− CI

Auθ ε1/3

)
[Fuw(kx)Γθ + Fwθ(kx)Γ] k

−5/3
x . (38)

As with the RANS model, it is instructive to ask what is the limiting behavior of Fuθ(kx)451

when Puθ(kx) → 0. Mathematically, this limit sets the homogeneous solution of Equa-452

tion 38, while Puθ(kx) dictates the particular solution. The sum of these two solutions,453

homogeneous and particular, set the general solution for the co-spectral budget model454

in the inertial subrange. The homogeneous solution is given by455

Fuθ(kx) = Chk
−5/3−(CR/Auθ)
x , (39)

where Ch is an integration constant that is related to a finite u′θ′v introduced at some456

scale that is then transferred to finer scales and dissipated by the pressure de-correlation457

term. The homogeneous solution is suggestive that deviations from a Fuθ(kx) ∼ k
−5/3
x458

scaling is linked to a finite Auθ. With a CR = 1.8 and an Auθ = 2.7, the Fuθ(kx) ∼459

k
−7/3
x is recovered. Likewise, an Fuθ(kx) ∼ k

−5/2
x and an Fuθ(kx) ∼ k

−23/9
x are recov-460

ered when setting, respectively, Auθ = 2.16 and Auθ = 2.025. Thus, a non-universal461

exponent for Fuθ(kx) in the ISR may depend on the significance of the flux-transfer term.462

To solve Equation 38, Fuw(kx) and Fwθ(kx) must be known or externally supplied. Upon463

imposing canonical shapes for these two co-spectra as derived from a reference height464

in the ASL well above the ground, contributions of the Puθ(kx) on the longitudinal heat465

flux co-spectrum can be explored directly using Equation 37 and indirectly using Equa-466

tion 38. It is to be noted that when Puθ(kx) = Apk
−βp
x (i.e. a power-law), the general467
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solution may be expressed as468

Fuθ(kx) = Chk
−5/3−(CR/Auθ)
x︸ ︷︷ ︸

Homogeneous

+

(
1− CI

Auθε1/3

)
Ap

1− βp + (CR/Auθ)
k−2/3−βp
x︸ ︷︷ ︸

Particular

. (40)

Distortions from the Puθ(kx) to the inertial subrange of Fuθ(kx) can thus be traced through469

the value of βp across different stability regimes. Also dynamically interesting is the value470

of Auθ. As Auθ increases and becomes much larger than CR(=1.8), the Fuθ(kx) becomes471

dominated by the homogeneous solution that trends towards k
−5/3
x . Conversely, when472

Auθ decreases, the homogeneous solution decays with increasing kx rapidly and the par-473

ticular solution (i.e. −2/3−βp) dominates the scaling exponent of Fuθ(kx). Thus, the474

scaling laws describing Fuθ(kx) depend on two quantities that need not be universal: Auθ475

(arising from the flux transfer contribution) and βp (arising from the production con-476

tribution to the inertial subrange). This finding alone may explain why no consistent in-477

ertial subrange exponent was reported in the literature for Fuθ(kx).478

2.3.6 The CSB for the Large Scales479

As before, retaining the transfer term, ignoring the molecular terms, and setting480

τd = ε−1/3k
−2/3
a results in a revised model given by481

∂Fuθ(kx)

∂kx
+

[
1 +

CR

Auθ

]
Fuθ(kx)

kx
=

(
1− CI

Auθ ε1/3k
2/3
a

)
[Fuw(kx)Γθ + Fwθ(kx)Γ] k

−1
x . (41)

Upon setting Puθ(kx) = A′
pk

−β′
p

x (coefficients can differ from their inertial subrange),482

the general solution is483

Fuθ(kx) = Chk
−1−(CR/Auθ)
x︸ ︷︷ ︸

Homogeneous

+

(
1− CI

Auθε1/3k
2/3
a

)
A′

p

1− β′
p + (CR/Auθ)

k
−β′

p
x︸ ︷︷ ︸

Particular

. (42)

Once again, as Auθ increases and becomes much larger than CR(=1.8), the Fuθ(kx) be-484

comes dominated by the homogeneous solution that trends towards k−1
x . Conversely, when485

Auθ decreases, the homogeneous solution decays with increasing kx rapidly and the par-486

ticular solution (i.e. −β′
p) dominates the scaling exponent of Fuθ(kx). Thus, the scal-487

ing laws describing Fuθ(kx) at large scales also depend on the same two quantities that488

need not be universal: Auθ (arising from the flux transfer contribution) and β′
p (arising489

from the production contribution at large scales).490

3 Experiments491

Two ASL experiments described elsewhere (G. Katul et al., 1997; Huang, Brun-492

ner, et al., 2021; Huang et al., 2023) were used to assess the findings of the models. The493

main experiment involved a triaxial sonic anemometer measuring u′, v′, w′ and θ′v at z =494

2 m, complemented by a vertical array of 5 heights measuring both u′ and θ′v near the495

ground (0.06−1 m) over a uniform and flat site. The second experiment involved a sin-496

gle triaxial sonic anemometer positioned at z = 5.2 m above a large grass-covered for-497

est clearing. This experiment is used to assess the robustness of the findings derived from498

the main experiment. Figure 2 shows the differences in surface cover and surroundings499

at these two sites.500

3.1 SLTEST501

The main experiment was conducted at the Surface Layer Turbulence and Envi-502

ronmental Science Test (SLTEST) facility in western Utah, USA, during the Idealized503
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horizontal Planar Array experiment for Quantifying Surface heterogeneity (IPAQS) in504

June 2018 (Morrison et al., 2021). Located in the Great Salt Lake Desert, the SLTEST505

site is characterized by low surface roughness (with long uninterrupted fetches in the dom-506

inant wind direction) and strong thermal heterogeneity (owing to salt patches on the sur-507

face created by variations in soil and salt deposits) (Metzger, 2002).508

A triaxial sonic anemometer (Campbell Scientific CSAT3; 10 cm path length) recorded509

the three velocity components and virtual temperature at z = 2 m at 20 Hz from June510

10–24, 2018, resulting in 720 30-min runs spanning strongly unstable to weakly stable511

conditions. For each run, a double coordinate rotation was applied to align the mean stream-512

wise velocity with the x-axis and set W = 0.513

A nearby vertical array of miniature hot- and cold-wires located ≈20 m east of the514

sonic anemometer was used for profile measurements. The vertical array comprised five515

heights at z = 0.0625, 0.125, 0.25, 0.5, and 1.0 m, each instrumented with one Nano-Scale516

Thermal Anemometry Probe (NSTAP; 60 µm sensing length) and one temperature vari-517

ant (T-NSTAP; 200 µm). Both probes were operated in constant-current anemometry518

and sampled at 100 Hz. The hot- and cold-wire sensors were separated by approximately519

3.6 cm (corresponding to 2.54 cm offsets in both the vertical and horizontal directions)520

at each height. The motivation for this configuration was to develop a low-cost circuitry521

using entirely off-the-shelf components enabled by the nanoscale sensors’ inherently high522

resolution and small thermal mass. Details about the nanoscale sensors and their in-house523

operating circuits based on a Wheatstone bridge without additional feedback circuitry524

can be found elsewhere (Huang, Brunner, et al., 2021; Huang & Katul, 2022).525

For the vertical array, a three-day intensive operational period (18–20 June 2018)526

yielded nine 30-min records spanning slightly unstable (2), near-neutral (4), and slightly527

stable (3) conditions. Since the NSTAP array measures only the longitudinal velocity528

component and cannot be reoriented post-hoc, run selection was based on the sonic anemome-529

ter wind direction to ensure alignment with the mean flow (Huang, Katul, & Hultmark,530

2021). This selection criterion accounts for the limited number of retained runs relative531

to the full dataset. Missing data in the subsequent analysis correspond to temperature532

sensor breakage at z = 0.5 m for all cases, and at z = 0.0625 m for the stable cases.533

In this study, the sonic anemometer measurements are used to evaluate bulk statis-534

tics, as these are relatively insensitive to line-path averaging (Freire et al., 2019; Kaimal535

et al., 1968; Horst & Oncley, 2006) and benefit from a larger number of runs (see Fig.536

S1). Hot-wire measurements are used for cospectral analysis due to their higher spatial537

resolution. As shown in Figs. S2 and S3, both sensors agree at low wavenumbers, while538

the sonic spectra exhibit an earlier high-wavenumber roll-off, consistent with spatial av-539

eraging over the finite path length. The smaller footprint of the hot-wires also enables540

near-surface profile measurements, which are used to estimate gradients (Γ and Γθ). While541

the velocity and temperature measurements from this dataset have previously been used542

to validate the sensor platform (Huang, Brunner, et al., 2021), to examine clustering be-543

havior (Huang, Katul, & Hultmark, 2021), and to assess logarithmic scaling in higher-544

order variances (Huang & Katul, 2022; Huang et al., 2023), the corresponding covari-545

ances are reported here for the first time.546

3.2 The Duke Forest Grass Clearing547

The three velocity components and virtual temperature were measured using a tri-548

axial sonic anemometer between July 12 and 16, 1995, at z=5.2 m above a grass surface549

within a forest clearing at the Blackwood division of the Duke Forest near Durham, North550

Carolina. The forest clearing dimensions were 480 m by 305 m and the mast was situ-551

ated at 250 m and 160 m from the north-end and west-end portions of a 10 m Loblolly552

pine forest edge respectively. The sampling frequency and sampling duration per run were553

56 Hz and 19.5 min. The sonic anemometer (Gill Instruments/1012R2) path length was554
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Figure 2. Left: The 1-m vertical array of nano-scale sensors at the SLTEST site. Right: The

Duke Forest Grass Clearing site.

0.149 m. The 5-day experiment provided 128 runs spanning slightly stable to dynamic-555

convective conditions. The site, experimental setup, and data processing are described556

elsewhere (G. Katul et al., 1997) and not repeated here.557

3.3 Data Analysis558

For all datasets, trends associated with varying freestream velocity were removed559

with a 5-min cutoff following Hutchins et al. (2012). Statistics were computed over each560

30-min record for SLTEST and over each 19.5-min record for the Duke Forest grass clear-561

ing site. The same averaging windows are used consistently across all analyses, includ-562

ing Figures 4, 5, 6, and 7. Spectra and cospectra were estimated using Welch’s method563

with 16 Hamming-windowed segments per record.564

4 Results and Discussion565

Findings from the RANS analysis are first presented followed by a discussion on566

the realizability constraints and estimates for the ratio Rh. Spectral and co-spectral out-567

comes are featured with a focus on the CSB model and its findings for inertial subrange568

and production scales. To convert time to wavenumbers, Taylor’s frozen turbulence hy-569

pothesis (Taylor, 1938; Everard et al., 2021; Deshpande et al., 2023) is used without ad-570

ditional adjustments arising from finite turbulent intensities (J. Lumley, 1965; J. Wyn-571

gaard & Clifford, 1977; Hsieh & Katul, 1997).572

4.1 Mean Longitudinal Heat Flux Profile573

Median profiles of the correlation coefficient Ruθ = u′θ′v/(σuσθ) and the longitu-574

dinal heat flux u′θ′v for each stability class from the vertical array at SLTEST are pre-575

sented in Fig. 3. Linear regression of the median profiles against log z yields regression576

coefficients indistinguishable from zero for all stability classes (p > 0.05), indicating that577

flux transport plays a negligible role in the longitudinal heat flux budget, with the dom-578

inant balance between production and pressure decorrelation (consistent with the RANS579

analysis presented in Section 2.1). Although the hot-wire dataset used here is limited580

to nine runs, which restricts statistical convergence, the trends shown in Fig. 3 are con-581

sistent across cases and align with theoretical expectations.582
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Figure 3. Profiles of Ruθ = u′θ′v/(σuσθ) (a) and of the longitudinal heat flux u′θ′v (b) at

SLTEST, obtained from the vertical array for z ≤ 1 m and the sonic anemometer at z = 2 m.

Thin lines denote individual runs, while symbols indicate the median across runs within each

stability class.

4.2 Thermal Stratification Effects on Ruθ and Its Realizability Constraint583

Across the two sites, the Ruθ exhibit expected behavior across stability regimes (Fig.584

4a), with Ruθ = 0 at ζ = 0 (where the absence of a mean temperature gradient elim-585

inates systematic coupling between u′ and θ′v) and Ruθ ≈ ±0.5 for |ζ| > 0.01 (reflect-586

ing the increasing correlation between velocity and temperature fluctuations as buoy-587

ancy forcing strengthens). The sign reversal across ζ = 0 reflects the transition between588

upward transport of heat in unstable conditions and downward transport in stable con-589

ditions. The constraint Ruθ ≤ +0.64 for near-neutral to slightly unstable conditions590

(based on literature values of Rwθ = 0.5 and Ruw = −0.35) bounds Ruθ for |ζ| < 0.05.591

Moreover, all |Ruθ| values satisfy the realizability inequality (Equation 19). Fig. 4b also592

shows the attained fraction of the upper bound593

ρ =
|Ruθ|

|RuwRwθ|+
√
1 +R2

uwR
2
wθ − (R2

uw +R2
wθ)

∈ [0, 1]. (43)

A ρ = 1 corresponds to an equality limit against stability. It can be seen that the equal-594

ity limit is never reached, but near-neutral and stable conditions seem to reach about595

0.6, while this fraction decreases with instability.596

4.3 Thermal Stratification Effects on the Ratio Rh597

As shown in Fig. 5a, both sites confirm that the ratio Rh ≈ 3 for near-neutral con-598

ditions, with Rh decreasing rapidly as instability increases but approaching ≈ 4 under599

near-neutral and slightly stable conditions. These values are consistent with those re-600

ported in the literature (Kader & Yaglom, 1990), lending confidence in the reliability of601

the present dataset despite differences in site and instruments. For |ζ| < 0.05 (near-602

neutral conditions), the small sensible heat flux leads to substantial scatter in the ratio603

Rh. Thus, Fig. 5b presents u′θ′v against w′θ′v for these conditions (|ζ| < 0.05) only. With604

calculated SLTEST values of ϕm(0) = 1.09, ϕh(0) = 0.57, ϕε(0) = 1.06 (from the ver-605

tical array measurements at z = 1 m and averaged across the four near-neutral runs)606

and ϕTKE(0) = 6.48 (from the sonic anemometer at z = 2 m, averaged across 68 |ζ| <607

0.01 runs), Equation 18 yields Rh = 3.47 in good agreement with measurements (Rh =608

3.62). Here, gradients were obtained from logarithmic fits to the mean velocity and tem-609

perature profiles for each run. While ϕm(0), ϕε(0), and ϕTKE(0) are close to expected610

neutral values, the reduced ϕh(0) suggests a departure from classical MOST behavior,611

potentially reflecting surface thermal heterogeneity and associated spatial variability in612

heat fluxes and temperature gradients. This is consistent with previous observations at613
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Figure 4. (a) Variations of the correlation coefficient Ruθ against stability for the SLTEST

and the Duke Forest grass clearing datasets. Horizontal dashed lines represent the the realiz-

ability constraints Ruθ ∈ [−0.99,+0.64] based on values of Rwθ = 0.5 and Ruw = −0.35. (b)

Magnitudes of measured Ruθ normalized by the realizability constraint against stability.

SLTEST showing substantial spatial variability in heat fluxes and advective contribu-614

tions arising from surface heterogeneity (Morrison et al., 2021). The Rh = 3 value based615

on expected MOST values at ζ = 0 (ϕm(0) = 1, Prt(0) = 1, ϕε(0) = 1, and ϕTKE(0) =616

6.7) is also shown for reference in Fig. 5a.617

Figure 5c shows the ratio Rh normalized by u2
∗/w

2
∗ based on DDA scaling, which618

exhibits better collapse than MOST-based scaling, particularly in the near-neutral re-619

gion (for |ζ| < 0.05, the interquartile range of the pooled near-neutral data decreases620

by approximately 70% under DDA normalization). Consistent with DDA predictions for621

dynamically convective conditions, Rh/(u
2
∗/w

2
∗) approaches an approximately constant622

value as −ζ increases, with the median for −ζ > 0.25 yileding a value of 0.74. The cor-623

responding DDA prediction of Rh ∼ ζ−2/3 is shown in Fig. 5d, where a near −2/3 power-624

law scaling in |Rh| emerges as −ζ increases. Overall, the results suggest some caution-625

ary support for DDA over MOST for the longitudinal heat flux scaling.626

4.4 Dougherty-Ozmidov Scaling for Stably Stratified Flows627

Normalization of u′θ′v with the Dougherty–Ozmidov scaling variables using both628

the SLTEST and the Duke Forest Grass clearing sonic datasets are shown in Fig. 5e. The629

normalized u′θ′v/UDOθDO tends towards a value of approximately 0.2 for ζ ≳ 0.1, con-630

firming that Dougherty–Ozmidov scaling captures the longitudinal heat flux under sta-631

ble stratification. However, variability increases in the strongly stable regime, likely re-632

flecting increased intermittency and the suppression of turbulence by buoyancy forces,633

which amplify the sensitivity of flux estimates to small-scale variability and noise. This634

increased variability could also suggests that shorter averaging windows than those used635

here (30 min for SLTEST and 19.5 min for the Duke Forest clearing) may be more ap-636

propriate under these conditions.637

4.5 Spectral and Co-spectral Models638

Relevant spectra and co-spectra of the two velocity components (u′ and w′) and639

the virtual temperature (θ′v) from sonic anemometer data at both sites are shown in Fig-640

ure 6 for near-neutral conditions (|ζ| < 0.05, consistent with the cases presented in Fig-641
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Figure 5. (a) Variations of the ratio Rh with the stability parameter ζ. (b) The relation be-

tween u′θ′v and w′θ′v for near-neutral conditions only (|ζ| < 0.05). Lines of best fit for Rh are

shown for both sites. (c) Variations of Rh/(u
2
∗/w

2
∗) with the stability parameter ζ. DDA predicts

Rh/(u
2
∗/w

2
∗) → constant. The dashed line indicates a constant value computed as the median

for −ζ > 0.25. (d) Variations of Rh with −ζ, with the dashed line representing the predicted

DDA scaling of Rh ∼ ζ−2/3. (e) Variations of u′θ′v in Dougherty-Ozmidov scaling with stability

under stable conditions (−ζ < 0), where the scaling is expected to be valid. The inset shows

bin-averaged medians pooled across both sites, with vertical bars spanning the interquartile range

(25th–75th percentile).

ure 5b). In the inertial subrange at the grass site (z = 5.2 m), the spectra exhibit the642

expected k
−5/3
x slope for kxz > 2, and the co-spectra Fuw(kx), Fwθ(kx), and Fuθ(kx)643

display an approximate k
−7/3
x scaling. Although the SLTEST dataset exhibit a similar644

tendency toward the expected slopes, the inertial subrange behavior is less distinct, likely645

because the sonic path length (p ≈ 10 cm) attenuates fluctuations at wavenumbers kx >646

1/p (Kaimal et al., 1968; Freire et al., 2019; Horst & Oncley, 2006), an effect that be-647

comes more pronounced at lower measurement heights where the energetic eddy sizes648

are smaller. Spatial variability in surface heating at SLTEST– arising from the patchy649

distribution of salt deposits – may further contribute to the elevated noise observed in650
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Figure 6. Dimensionless spectra (left column) and co-spectra (right column) under near-

neutral conditions (|ζ| < 0.05). The streamwise wavenumber kx is normalized by the measure-

ment height z. Solid colored lines indicate the ensemble median for SLTEST (blue) and the grass

clearing (orange), while the shaded regions denote the 10–90% percentile range across realiza-

tions. Reference scaling laws are shown by dashed lines for the inertial-subrange spectral scaling

k
−5/3
x and dash-dotted lines for the co-spectral scaling k

−7/3
x . Solid black lines indicate the ex-

pected large-scale k−1
x behavior for all spectra and co-spectra, except for Fww(kx), where the

dotted line denotes the expected k0
x scaling associated with wall-induced ‘energy splashing’ at

large scales.

the co-spectra. At large scales (i.e. kxz < 0.5), the spectra and co-spectra for both sites651

generally follow an approximate k−1
x scaling, except for the vertical velocity spectra, which652

exhibits a k0x region associated with energy splashing due to the randomizing effect of653

the ground on eddy impingement (Ayet et al., 2020; Hunt & Carlotti, 2001).654

For the large scales of Fuθ, both MOST and DDA normalization predict a k−1
x de-655

pendence under near-neutral and unstable conditions. The corresponding proportion-656

ality constants from each framework, CMOST and CDDA, are shown in Fig. 7 for both657

sites. Near the neutral limit (−ζ < 0.5), CMOST increases sharply while CDDA remains658

bounded, with mean values of 0.44 and 0.23 and corresponding coefficients of variation659

of 57% and 26%, respectively. As instability increases, both proportionality constants660

approach approximately steady values, though the scatter remains substantial for the661

current dataset (for −ζ > 0.5, CMOST = 0.09± 0.06, CDDA = 0.23± 0.14). These re-662

sults suggest that DDA yields a more consistent normalization of the large-scale longi-663

tudinal heat-flux cospectra, particularly under near-neutral conditions.664
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Figure 7. Fitted k−1
x cospectral coefficients as a function of atmospheric stability for the

MOST scaling (a) and the DDA scaling (b), where Fuθ = CMOST u∗T∗ k
−1
x and Fuθ =

CDDA u∗∗T∗∗ k
−1
x , respectively. Each point represents an individual run fitted over the large-eddy

range where a k−1
x slope is observed. Data are from SLTEST sonic anemometer measurements

(blue), and the Duke Forest grass clearing sonic measurements (orange). Black lines and error

bars in the insets denote the bin-median and interquartile range for bin sizes of 0.05.

Spectra and co-spectra of the horizontal velocity component (u′) and virtual tem-665

perature (θ′v) from the vertical array at SLTEST are shown for unstable, near-neutral,666

and stable conditions in Fig. 8. At large scales (kxz ∈ [1, 10]), where the attached-eddy667

hypothesis is expected to hold, a k−1
x scaling is evident across all stability regimes and668

for both the spectra and co-spectra.669

For the inertial subrange, Fuu(kx) exhibits an approximate k
−5/3
x scaling in all three670

stability cases. For Fθθ, the k
−5/3
x scaling is only apparent in the unstable condition. Un-671

der near-neutral and stable conditions, Fθθ exhibits limited inertial-subrange behavior672

and a more extended region of k−1
x scaling. This finding is consistent with the enhanced673

logarithmic scaling of temperature variance (σθ) and higher-order moments discussed674

in Huang et al. (2023). In the cospectra Fuθ(kx), the inertial subrange behavior seems675

to be approaching k
−7/3
x for all stability cases although the slopes are shallower. At the676

lowest measurement height, Fuθ(kx) exhibits a faster decay and a distinct dip around677

kxz ≈ 1, most pronounced under near-neutral and unstable conditions. This behav-678

ior likely reflects reduced coherence between velocity and temperature fluctuations in the679

immediate vicinity of the surface– where shear production dominates and buoyancy-driven680

structures are disrupted – as well as effects from probe separation, since the relative sen-681

sor spacing becomes significant at the smallest z. Excluding the lowest measurement height,682

the slopes m (where Fuθ ∼ k−m
x ) over the inertial subrange (defined for each run as kx >683

10/Lu (where Lu is the integral length scale) and f < 20 Hz) are 1.90 ± 0.12, 1.67 ±684

0.29, and 1.58±0.26 for the unstable, near-neutral, and stable cases, respectively. This685

suggests that the near-neutral and stable cases, which are closer to −5/3 will yield a higher686

Auθ (more contribution from the transfer term) in accordance with Equation 40.687

Cospectral data from the vertical array at SLTEST are first used to evaluate the688

constant scale-wise correlation hypothesis (Fig. 9). In contrast to Antonia and Zhu (1994),689

where a constant Fuθ/ (FuuFθθ)
1/2 ≈ 0.1 was observed within the inertial subrange, no690

such constant correlation is evident in the present dataset. The correlation coefficients691

within the inertial subrange roll off at height-dependent rates and onset scales, with ear-692

lier transitions generally occurring closer to the surface, and remain approximately con-693

stant only at large scales. At very high wavenumbers, the correlations flatten again at694

a scale corresponding roughly to the distance between the u′ and θ′v probes (kxd ≈ 1;695

Fig. 9 bottom row), as the sensors become spatially separated relative to the smallest696

eddies. The fact that the breakpoint does not occur exactly at kxd = 1 could reflect697

–21–



manuscript submitted to JGR: Atmospheres

10-4 10-2 100 102
10-5

100

Fuu

<2
u

unstable

(a)

0.0625 m
0.125 m
0.25 m
0.5 m
1 m

10-4 10-2 100 102
10-5

100

F33
<2
3

(d)

0.0625 m
0.125 m
0.25 m
1 m

10-4 10-2 100 102

kxz

10-5

100--- Fu3

u030v

---
(g)

0.0625 m
0.125 m
0.25 m
1 m

10-4 10-2 100 102
10-5

100

near-neutral

(b)

0.0625 m
0.125 m
0.25 m
0.5 m
1 m

10-4 10-2 100 102
10-5

100

(e)

0.0625 m
0.125 m
0.25 m
1 m

10-4 10-2 100 102

kxz

10-5

100

(h)

0.0625 m
0.125 m
0.25 m
1 m

10-4 10-2 100 102
10-5

100

stable

(c)

0.0625 m
0.125 m
0.25 m
0.5 m
1 m

10-4 10-2 100 102
10-5

100

(f)

0.125 m
0.25 m
1 m

10-4 10-2 100 102

kxz

10-5

100

(i)

0.125 m
0.25 m
1 m

Figure 8. Dimensionless longitudinal velocity spectra (top row), temperature spectra (middle

row), and co-spectra (bottom row) for unstable (left column), near-neutral (middle column), and

stable (right column) conditions. The spectra and co-spectra shown are averages across multiple

cases for each stability regime at each height (two unstable cases, four near-neutral cases, and

three stable cases). The wavenumber kx is normalized by z. The scaling exponents k
−5/3
x (dashed

line) for the spectra and k
−7/3
x (dash-dot line) for the co-spectra are shown. The k−1

x expected to

hold for large scales is also presented for the spectra and cospectra (solid line).

random sweeping effects, where large-scale motions advect and distort the small-scale698

eddies, leading to additional decorrelation beyond that expected from geometry alone.699

Similar results are observed from the sonic anemometer data at both the SLTEST and700

grass sites under near-neutral conditions (not shown).701

4.6 The Co-Spectral Budget702

Solutions to the co-spectral budget are examined using the SLTEST data. The pro-703

duction terms |FwθΓ| and |FuwΓθ| are first calculated, where the cospectra Fwθ and Fuw704

are computed from sonic anemometer measurements at z = 2 m, and the gradients Γ705

and Γθ are obtained from the vertical array by fitting logarithmic profiles of velocity and706

temperature with height. As an example, the production terms |FwθΓ(z)| and |FuwΓθ(z)|707

at z = 1 m, as well as their sum, are shown for unstable, near-neutral, and stable con-708

ditions in Fig. 10(a)-(c). For both unstable and stable conditions, |FuwΓθ| contributes709

more significantly to the production, whereas under near-neutral conditions it is negli-710

gible, with only slight contributions at large scales. This partitioning is physically con-711
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Figure 9. Top row: Scale-wise correlation ρ(kx) for slightly unstable (left), near-neutral (mid-

dle), and slightly stable (right) conditions at the SLTEST site. Bottom row: Same as top row

but the wavenumber normalization is based on the separation distance d between θ′v and u′ mea-

surements instead of z to emphasize the scales experiencing loss of covariance due to instrument

configuration.

sistent, as the relative importance of each term reflects the balance between buoyancy712

and shear production across stability regimes.713

To capture observed power-laws in Puθ(kx), a model function in the spirit of the714

von Kármán spectrum is fitted to the production term beyond the spectral maximum,715

Puθ(kx) =
A

kx

1

(1 +Bk2x)
γ , (44)

where A, B, and γ are constants determined from nonlinear regression. This formula-716

tion is selected because it reproduces the observed k−1
x behavior for large scales (as kx →717

0) and is not designed to capture the very large scales beyond this range. At small scales718

(large kx), Puθ → AB−γk−1−2γ
x such that γ = 2/3 corresponds to a k

−7/3
x scaling. Best-719

fits for Puθ are presented for the unstable, near-neutral, and stable cases at z = 1 m720

in Fig. 10(a)-(c). The near-neutral and unstable cases exhibit fitted exponents of γ =721

0.34 and 0.51, corresponding to limiting high-wavenumber slopes of approximately k−1.7
x722

and k−2.0
x , respectively. In contrast, the stable case displays a steep decay with γ = 0.81723

and Puθ ∼ k−2.62
x , indicating that covariance generation is confined almost entirely to724

the large eddies with minor contributions from the inertial subrange.725

To ensure continuity across the transition from large-eddy to inertial-subrange scales,726

the co-spectral budget ODEs (Eqs. 38 and 41) are unified using a smooth relaxation time727

τd(kx) = ε−1/3(knx + kna )
−2/3n (45)

(with n = 4) that recovers the asymptotic forms τd = ε−1/3k
−2/3
a for kx ≪ ka and728

τd = ε−1/3k
−2/3
x for kx ≫ ka. Figure 10(d)–(l) show the measured cospectra |Fuθ(kx)|729

at z = 0.125, 0.25, and 1 m under unstable, near-neutral, and stable conditions together730

with their fitted CSB solutions. The height dependence of the fitted cospectra here arises731

through the production term, which depends on the local mean gradients Γ(z) and Γθ(z).732
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The homogeneous (transfer-driven) and particular (production-driven) components of733

the solutions are also shown to evaluate their relative importance across scales and sta-734

bility regimes.735

The relative contributions of the homogeneous and particular solutions exhibit a736

clear dependence on wavenumber and height. In general, the particular solution is most737

significant at the large scales (low kxz) and decays rapidly with increasing wavenumber,738

such that the small-scale behavior is dominated by the homogeneous component at all739

heights and across all stability. The contribution of the particular solution also dimin-740

ishes with height, such that at z = 1 m, the cospectra are largely governed by the ho-741

mogeneous solution across most of the wavenumber range. This decay with height be-742

comes more rapid as stability increases.743

These observations point to an increasing relative importance of spectral transfer744

with height and stability. This trend is consistent with the behavior of the transport co-745

efficient Auθ, and is also reflected in the fitted cospectral ISR slopes, which decrease from746

approximately m ≈ 2.1 under unstable conditions to m ≈ 1.6 under stable conditions,747

approaching the classical −5/3 scaling as the relative importance of transport increases748

(Equation 40 as Auθ becomes large). In general, the homogeneous solution remains im-749

portant across all heights and stability conditions considered here, while the production-750

driven particular solution plays a significant role primarily near the surface.751

The extent to which these results generalize across different flow conditions remains752

an open question due to the limited number of cases presented here. Nevertheless, the753

results demonstrate the utility of the CSB framework as a diagnostic tool for quantify-754

ing the relative contributions of production, transfer, and pressure decorrelation to cospec-755

tral structure. Importantly, the present results highlight a key limitation of Reynolds-756

averaged interpretations when applied to scale-dependent flux dynamics: while RANS-757

based arguments identify dominant terms in the mean budget, they neglect the role of758

transfer, and therefore cannot capture how flux is redistributed across scales or how the759

composite spectral structure arises.760

5 Conclusions761

This work examined the mean and co-spectral characteristics of the longitudinal762

heat flux through its Reynolds-averaged Navier-Stokes equations in the atmospheric sur-763

face layer. The scaling behaviors are evaluated using two experiments: (i) a nanoscale764

sensing platform within the first meter above the surface with a nearby sonic anemome-765

ter at z = 2 m over the Utah salt flats (SLTEST), and (ii) a conventional sonic anemome-766

ter deployed over a grass clearing in Duke Forest (North Carolina).767

The Reynolds-averaged analysis showed that the vertical variation in the turbu-768

lent heat flux u′θ′v serves as a practical diagnostic for flux transport: when ∂zu′θ′v is ap-769

preciable, the flux–transport term is non-negligible and comparable in magnitude to pres-770

sure–decorrelation; conversely, when u′θ′v shows little or no z-dependence, the flux–transport771

contribution is small and may be neglected. Accordingly, data at SLTEST showed that772

the profile of the longitudinal heat flux u′θ′v was nearly constant with height (no strong773

z-dependence), suggestion that the flux–transport contribution is small in a mean sense.774

Key non-dimensional quantities including the correlation coefficient Ruθ and the ratio775

between horizontal and vertical heat flux Rh were consistent with values reported in the776

literature for surface-layer turbulence. The data also adhered to realizability constraints:777

under stable stratification |Ruθ| attained about 0.6 of its theoretical upper limit, and this778

fraction decreased as atmospheric stability conditions became unstable. Directional Di-779

mensional Analysis (DDA) produced an improved collapse in the ratio Rh across sta-780

bility regimes relative to the standard Monin–Obukhov Similarity Theory (MOST), in-781

dicating that DDA captures additional directional and anisotropic effects relevant to near-782
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Figure 10. The two scale-wise production terms in the co-spectral budget and the regression

fit to their sum when using Equation 44 for the unstable (a), near-neutral (b), and the stable (c)

cases at z = 1 m. The remaining rows show the measured cospectra at z = 1, 0.25, and 0.125

m together with model predictions from the co-spectral budget (CSB) solution, along with the

decomposed particular (production-driven) and homogeneous contributions.

surface turbulence. Both field sites, despite contrasting heterogeneity and measurement783

techniques, showed comparable trends and stability dependence, underscoring the robust-784

ness of the observed relations.785

The cospectral analysis explored the scale-dependent behavior of the longitudinal786

turbulent heat flux. The assumption of constant scale-wise correlation held only for the787

largest eddies, with correlations decreasing systematically toward higher wavenumbers,788

in contrast to earlier findings (Antonia & Zhu, 1994) that reported a constant correla-789

tion extending in the inertial subrange wavenumbers.790

The cospectral budget analysis revealed that the scaling in Fuθ(kx) is dependent791

on two non-universal parameters: Auθ from the flux transfer contribution and βp from792

the production contribution. The parameter βp is in turn dependent on two co-spectra,793

Fuw and Fwθ, that contribute to production. In the large eddies where the attached eddy794

hypothesis is expected to hold, a robust −1 scaling in Fuθ(kx) emerges since both Fuw795

and Fwθ exhibit approximate k−1 behavior. That is, since the production term Puθ(kx) =796
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Fuw(kx)Γθ+Fwθ(kx)Γ will likewise follow a k−1
x dependence at the large scales, Fuθ(kx)797

can inherit the same slope through the particular solution (β′
p in Equation 42). The ho-798

mogeneous solution, governed by the relative strength of the flux-transfer coefficient Auθ,799

either matches this −1 scaling when Auθ is large or becomes subdominant when Auθ is800

small. Consequently, Fuθ(kx) tends to display an overall k−1
x dependence at large scales,801

consistent with observations and dimensional arguments from DDA, MOST, and Dougherty-802

Ozmidov scaling.803

Within the inertial subrange, however, Fuθ(kx) exhibits a large variability of cospec-804

tral slopes. Just as in the large eddy regime, how Fuθ(kx) scales can be traced through805

the cospectral budget analysis to βp, the production term scaling that in turn depends806

on the Fuw and Fwθ scaling, and the flux-transfer coefficient Auθ. However, unlike in the807

large eddies where Fuw and Fwθ both scale as k−1
x , they tend to exhibit anomalous scal-808

ing in the inertial subrange, thus contributing to the wide range of scaling exponents re-809

ported in the literature. This framework reconciles long-standing discrepancies in reported810

inertial subrange exponents by explicitly linking deviations from universality to non-conserved811

flux transfer mechanisms unique to the longitudinal heat flux.812

Further, decomposition of the cospectral budget into particular and homogeneous813

components allowed examination of the relative roles of production and flux-transfer in814

the cospectral evolution. SLTEST data showed that while the flux transport term ap-815

pears insignificant in the mean balance, the flux transfer term plays a non-negligible role816

in its spectral counterpart across all scales and stability conditions. The particular so-817

lution (driven by the production term) was comparable to the homogeneous solution only818

close to the surface and rapidly falls off as z increases. For all stability cases, Auθ > 7.7819

and suggests that flux-transfer is significant in the scale-to-scale evolution of the Fuθ(kx).820

These results and observations are consistent with dimensional analysis for the inertial821

subrange, with Γ and Γθ entering the production term (and thus the particular solution),822

and ε setting the eddy relaxation time and εθ the scalar cascade rate (and thus the ho-823

mogeneous solution).824

Overall, the findings establish that the longitudinal turbulent heat flux, though of-825

ten neglected in closure schemes, provides a new perspective into scale-dependent en-826

ergy exchange and anisotropy in stratified turbulence. By elucidating when and how flux-827

transfer terms modulate spectral slopes, the results offer a pathway for improved param-828

eterization of non-local transport in atmospheric models.829
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